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Introduction. 



Elliptic genus was derived as the partition function in quantum field theory f26 



Mathematically it is the beautiful combination of topology of manifolds, index theory and 
(Sj ■ modular forms (cf. |15| , [|K]]). Elliptic genus for smooth manifolds has been well-studied. 

Recently, Borisov and Libgober ([3], [4]) proposed some definitions of elliptic genus for 
certain singular spaces, especially for complex orbifolds which is a global quotient M/G, 
here the finite group G acts holomorphically on complex variety M. Similar definitions 
have been introduced by string theorists in the 80s, in the study of orbifold string theory. 
One of their guiding principles is the modular invariance. More recently orbifold string 
theory has attracted the attention of geometers and topologists. For example Chen and 
Ruan (cf. 0, [22]) have defined orbifold cohomology and orbifold quantum cohomology 



q 

^ ; groups. 

One of most important properties for elliptic genus is its rigidity property under 
compact Lie group action. For smooth manifolds, the rigidity and its generalizations 
have been well studied. Since orbifold elliptic genus is the partition function of orbifold 
string theory, it is natural to expect the rigidity property for orbifold elliptic genus, 
i/-) Although the global quotients from a very important class of orbifolds, many interesting 

orbifolds are not global quotients. For example, most of the Calabi-Yau hypersurfaces of 
weighted projective spaces are not global quotients. In this paper we define elliptic genus 
for general orbifolds which generalizes the definition of Borisov and Libgober, and prove 



their rigidity property. We actually introduce the more general elliptic genus involving 
twisted bundles and proved its rigidity. The idea of considering the weights in the 
definition of orbifold elliptic genus comes from Q and our proof of the K-theory version 
of Witten rigidity theorems |^T], §4]. The proof of the rigidity is again a combination 
of modular invariance and the index theory. Only more complicated combinatorics are 
involved in the definition and the proof. 

This paper is organized as follows: In Sections 1 and 2 we review the equivariant 
index theorem on orbifolds. We define orbifold elliptic genus and prove its rigidity for 
almost complex orbifolds in Section 3. Finally in Section 4 we introduce orbifold elliptic 
genus for spin orbifolds, and will study its rigidity property on a later occasion. 

The authors would like to than Jian Zhou for many interesting discussions regarding 
orbifold elliptic genus. 
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1 Equivariant index theorem for spin orbifolds 



In this section and the next section we recall the notations on orbifolds, and explain the 
equivariant index theorem for orbifolds (cf. || Chap. 14], 



We first recall the definition of orbifolds, which are called V-manifolds in | H| , [ |23[ . 

We consider the pair (G, V), here V is a connected smooth manifold, G is a finite 
group acting smoothly and effectively on V. A morphism $ : (G, V) — > (G', V) is a 
family of open embedding ip : V — > V satisfying: 

i) For each (p G $, there is an injective group homomorphism \ v : G — > G' such that 
<y9 is A^-equivariant. 

ii) For g & G',(p & we define : V — > V by (#<£>) (;r) = g<p(x) for x E V. If 
(^Xy)n^(y)/0,then^eA^(G). ' ^ 

iii) For (/? G $, we have $ = {gy?, (7 G G'}. 

The morphism $ induces a unique open embedding 2$ : V/G — > V'/ G' of orbit spaces. 

Definition 1.1 An orbifold (X,U) is a paracompact Hausdorff space X together with a 
covering U of X consisting of connected open subsets such that 

i) For U G U, V{U) = ((Gu,U) —> U) is a ramified covering U — » U giving an 
identification U ~ U jGy. 

ii) For U,V G U,U C V, there is a morphism ipvu '■ (Gu, U) — > (Gy, V) that covers 
the inclusion U C V. 

iii) For U, V, W G U, U C V C W , we have pwu — ^Pwv ^Pvu- 

In the above definition, we can replace (G, V) by a category of manifolds with an 
additional structure such as orientation, Riemannian metric or complex structure. We 
understand that the morphisms (and the groups) preserve the specified structure. So we 
can define oriented, Riemannian or complex orbifolds. 

Remark: Let G be a compact Lie group and M a smooth manifold with a smooth 
G-action. We assume that the action of G is effective and infinitesimally free. Then the 
quotient space M/G is an orbifold. Reciprocally, any orbifold X can be presented this 
way. For example, let 0(X) be the total space of the associated tangential orthonormal 
frame bundle. We know that 0(X) is a smooth manifold and the action of the orthogonal 
group 0(n) (n = dimX) is infinitesimally free on 0(X). The X is identified canonically 
with the orbifold 0(X)/0(n). 

Let X be an oriented orbifold, with singular set EX. For iGl, there exists a small 
neighbourhood (G x , U x ) ^ U x such that x = t~ 1 (x) G U x is a fixed point of G x . Such 
G x is unique up to isomorphisms for each x G X |23|, p468]. Let (1), (hi), ■ ■ ■ {h p x x ) be 
all the conjugacy classes in G x . Let Z Gx (h x ) be the centralizer of hP x in G x . One also 
denotes by the fixed points of W x in U x . There is a natural bijection 

(1.1) {{y,{hi))\y£U x ,j = i,--- Py } 
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So we can define globally JTT], p77], 

(1.2) EX = {(x, (/i£))|x 6l,G^ 1, J = 1, • • - Px }. 
Then EX has a natural orbifold structure defined by 

(1.3) {(ZgM)/kLu^^u^/z g M)}, TT ■ 

Here K x is the kernel of the representation Zc x (h J x ) — > Diffeo (U£ x ). The number m = 
|X^| is called the multiplicity of EX in X at (x,h J x ). Since the multiplicity is locally 
constant on EX,_we may assign the multiplicity to each connected component Xj of 
EX. In a sense EX is a resolution of singularities of X. 

Definition 1.2 A mapping tc from an orbifold X to an orbifold X' is called smooth if 
for x E X, y = n(x), there exist orbifold charts (G x , U x ), (G' y , U' y ) together with a smooth 

mapping <fi : U x — > U' y and a homomorphism p : G x —* G' y such that 4> is p-equivariant 
and Ty o (f) = 7r o r x . 

Definition 1.3 An orbifold vector bundle £ over an orbifold (X, 14) is defined as follows: 
£ is an orbifold and for U e U, (G^,pu '■ £u U) is a G^-equivariant vector bundle 
and (Gu,£u) (resp. (G^j/ Kjj,U), K v = Ker(G^ — > Diffeo(LQ)) is the orbifold structure 
of £ (resp. X). In general, G\j does not act effectively on U, i.e. Kjj ^ {1}. If G^ acts 
effectively on U for U Eli , we say £ is a proper orbifold vector bundle. 

Remark: Let G be a compact Lie group acting effectively and infinitesimally freely 
on M. Then each G-equivariant bundle E —> M defines a proper orbifold vector bundle 
E/G — > M/G, and vice versa. 

In the following, we will always denote by (G x , U x ) (x E X) the orbifold chart as 
above. For h E G x , we have the following /i-equivariant decomposition of TU X ®r C as 
a real vector bundle on U x , 

(1.4) TU x ® n C= %)0T^® R C. 

AeQn]o,l[ 

Here N\(h) is the complex vector bundle over U x with h acting by e 2mX on it. The 
complex conjugation provides a C anti-linear isomorphism between N\(h) an d iV(i_A)(/i). 
If the order of h is even, this produces a real structure on Ni^, so this bundle is the 

complexification of a real vector bundle iV?; . on U x . Thus, TU X is isomorphic, as a real 

2 W 

vector bundle, to 

(1.5) TU m ~ N m ®Nf w @TUi. 

AeQn]0,±[ 
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Note that N\th) (resp. iVF; , J extends to complex (resp. real) vector bundle on EX. We 
will still denote them by N X (h), Nf", h y 

Assume that a compact Lie group H acts differentially on X. For 7 G H, let X 7 = 
{s G X, 71 = 2}. In the index theorem, we will use the following orbifold as fixed point 
set of 7 which is a resolution of singularities of X 7 || pl80]. For x G X 7 , then on local 
chart (G x , U x ), jjj acts on U x as a linear map. The compatibility condition for 7^ means 
that there exists an automorphism a of G x such that for each g G G x , lu°g o l^ J 1 = «(<?)■ 
For /i G Ga;, let (/i) 7 = {g/io^g) -1 ; (7 G G x } be the 7 conjugacy class in G x . Let 

(1.6) = {(yM EU X X G x \(h 1 o lD )(y)=y,h 1 G (h),}. 

Let t/x 0717 be the fixed point set of ho^Q in U x , then [T^ 0717 is connected, and x G U x ° lu . 
For g £ G x , g acts on £/i h/7 by the transformation 

(y, h) -> (g(y),gohoa(gy 1 ). 
Indeed, if (/i o 7^)(y) = y, as a(^) _1 07^ = 7^0 ^i" 1 o 7 r x o 7^ = 7^ o g~\ we know 
(1-7) (gh o ar^) -1 ^ o #(?/) = gho j & (y) = g(y). 

Let Zl Gx = {ge G^gho^g)-! = ^ ^ = K er{2j 0- - DiSeo(U>)}. Then 
(1-8) {KgJKgJ>) - U>/Zl Gx = U^/G x 

defines an orbifold. We denote it by X 7 . Clearly, m(X 7 ) = \K^ G J is local constant on 
X 7 . 



Definition 1.4 The oriented orbifold X is spin if there exists 2-sheeted covering of 
SO(X) (SO(X) is the oriented orthonormal frame bundle ofTX), such that for U G U, 
there exists a principal Spin(n) bunlde Spin({7) on U , such that Spin(X)|;y — > SO(X)\u 
is induced by Spm(U) — > SO{U), and Spin({7) also verifies the corresponding compatible 
condition. 

Then spin(X) is clearly a smooth manifold. 

Assume that orbifold X is spin. Let h TX be a metric on TX and S(TX) = S + (TX)(B 
S~(TX) the corresponding orbifold spinor bundle on X. Let c(-) be the Clifford action 
of TX on S(TX). Let \7 S ( TX ) be the connection on S(TX) induced by the Levi-Civita 
connection V TX on TX. Let W be a complex orbifold vector bundle on X. Let V w be 
a connection on W . Then \7 S ( TX )® W = v 5(TX) <g> 1 + 1 <g> V w is a connection on X. Let 
T(S ± (TX) <g> W) be the set of C°° sections of S ± {TX) <g> W on X. Let T> x ® W be the 
Dirac operator on T(S + (TX) W) to r(S~(TX) ® W), defined by 

(1.9) D^lf = c ( e! )vfW. 

Here {e^} is an orthonrmal basis of TX. 
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Let if be a compact Lie group. If 7 £ H acts on X and lifts to Spin(X) and W . Then 
yS'(TX) j g ^ invariant and we can always find 7 inavriant connection \7 W on W. Note that 
D x © is a 7 invariant elliptic operator on X. For i6l, let = Ker(G^ — > Gy. 
On [/Wt ) let X be the normal bundle of U hoi u in [4. Let be the subbundle of W 
on C4 which is i^^-invariant. Then W° extends to a proper orbifold vector bundle on 
X. We have the following decompositions: 



1.10) 



N = ® 0<e<7T Ng © N n 

W° = © <«<2#9, 



where Ng, Wg (resp. N n ) are complex (resp. real) vector bundle on which /i o 7^ acts as 
multiplication by e t6 '. Then V TX induces connection V^ 9 on Ng, and V TX = ©V^ 9 © 
W TX \ Let iF, R w °, R N \ R TX1 be the curvatures of W w , V w °, V^, W TX1 (V w ° is the 
connection on W° induced by V w ). 



Definition 1.5 For h £ G^, g = ho 7~ ; < < 7r ; we wife 
(1.11) 



ch g (W / ,V w ) - 5^ feieG w )T(hl)=h 
A{TU 9 ,V Tua ) = det 1 ' 2 ' 



Tr 



(/ii o 7& ) exp( 



2?ri 



Tr 



5-exp( 



27T« 



fit" 

47T 



sinh(^i^ 9 ) 



Ag(Ng,V N ») = — 

i2 dim ^det 172 ( 1 - g exp(^R N <> 



If we denote by {xj, —Xj} (j = 1, • ■ ■ ,1) the Chern roots of Ng, TU 9 (Here we consider 
Ng as a real vector bundle) such that Uxj defines the orientation of Ng and TU 9 , then 



A(T^,V^)=n j |/sinh(|), 



(1.12) 



Ag{Ng,V 



2~ l U l '•_ 

J_ sinh ^(xj + ^ 



n 



£2^ 3 



J— 1 ^Xj+iO J ' 



Recall that for 7 £ if, the Lefschetz number Ind 7 (.D x © V4 7 ), which is the index of 
D x © iy if 7 = 1, is defined by 

(1-13) Ind 7 (£> x © W) = Tr7| Ker z)^®H/ - Tr7| Coksr0 x 8W . 

By using heat kernel, as in || Th. 14.1], we get 
Theorem 1.1 For 7 £ H, we have the following equality: 



Ind 7 (L>* ®W)=J2 ~4wS I 

m(F) J F 



a F , 



F&x-y 



where aF is the characteristic class 



A(TU h °^ ,W T ^ Ol0 )Ii Q< g< v Ag(Ng, V N <>)ch hoj (W, V 



W \ 



onU>. 
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Let S 1 act differentiably on X. Let X s1 = {x G X,j(x) = x, for all 7 G S 1 }. Let V 
be the canonical basis of Lie(S' 1 ) = R. For x G X, let Vx be the smooth vector field on 
(Gg;, C/j;) corresponding to V. Then Vx is GVinvariant || pl81]. We still denote by Vx 
the corresponding smooth vector field on X. We have X s = {x G X, Vx(x) = 0}. 

For x G X, let (1), • • • (h x ), • • • be the conjugacy classes of G x . Let X 51 = {(x, (h 3 x )) \x G 
X 5 \ h x G G%r}. Then X 51 has a natural orbifold structure defined by 

(1.15) {ZgM)/K>/M = u¥ n G tr„|Vx(y) = 0}} - {U$IZ a M)> (K)), 

where is the kernel of Za x (h x ) — > DiffeojL^}. 

We have the following decomposition of smooth vector bundles on U v : 



;i.i6) 



Nf {h) = ® j>0 N hj © NJ , 
TU h = ® j>Q N 0>j ®TUf, 



Note that N\j, Ni ^ N j and W®j extend to complex vector bundles on X 51 , and 7 = 

e 2mt G S l acts on them as multiplication by e 2mjt . Also, Nf- and TUy* extend to real 

2 ' 

vector bundles on X s1 , and S 1 acts on them as identity. In fact, TU h = TU V X ffi^o^o.u.R) 
where Xo^r. denotes the undeling real bundle of the complex vector bundle N v on which 
g G S 1 acts by multiplying by g v . Since we can choose either N v or N v as the complex 
vector bundle for N v ^, in what follows, we always assume Ni j, Nqj are zero if j < 0. 

By (|1.16|) , for given a G C, the eigenspace of h o 7^ with eigenvalue a is equal to the 
sum of the above elements N\j such that 

(1.17) e ^+m = a . 

Let A C R consist of a G R such that there exists a; G X 51 , more than one non-zero 
N\j on U v x are in the eigenspace of h o 7^ with eigenvalue e 27rm . As X is compact, A is 
a discrete set of R. 

If 7 = e 2nlt ,t E H\A, then X 7 = X 5 by the construction. An immediate conse- 
quence of Theorem is the following. 

Theorem 1.2 Under the condition of Theorem \1.J] , for t G R \ A, 7 = e 2mt , we have 

(1.18) Ind 7 (£>*®W0= £ -J=r / 

where dp is the characteristic class 

A(TU V , V tD v) e 2m{x+tj) ch(W° Xj , V w °)/U x ^ dimJV Alide( .i/2 ^ _ ^(x+tj) exp (±_ R N^ 



a F , 

'F 



Ki 



on U v . 
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2 Equivariant index theorem for almost complex orbifolds 



If X is an almost complex orbifold, then on the orbifold chart (G x , U x ) for x G X, we 
have the following /i-equivariant decomposition of TU X as complex vector bundles on 

(2.1) TU X ~ N x(h) . 

AeQn[o,i[ 

Here iY\(h) are complex vector bundles over U% with /i acting by e 2mX on it, and N ^) is 
TT/^. Again N X (h) extend to complex vector bundles on EX. We will still denote it by 

N X (h). 

Let F(x,h) = J2x ^ dime N X (h) be the fermionic shift, then F : X U XX — > Q is 
locally constant. For a connected component XjCXU EX , we define F(Xi) to be the 
values of F on Xj. 

Let IV be an orbifold complex vector bundle on X. Let _D X (g) W be the Spin c Dirac 
operator on A(T* (0 ' 1) X) <g> W H, Appendix D]. 

Let if be a compact Lie group acting on X. We assume that the action if on X 
lifts on W, and preserves the complex structures of TX and W. Now for 7 6 if, the 
decomposition ( |1.10| ) on U^ 1 also preserves the complex structure of the normal bundle 
X. We denote by R N the curvature of as complex vector bundle. Then 



(2.2) 



N = ® 0<e< 2nN e , 

W° = ® < e<27r W e . 



Here Ng, We are complex vector bundles on which 1107^ acts as multiplication by e 1 ' 
The following theorem is proved in ||, Th. 14.1]. 



Theorem 2.1 Let 



Td(TU h °iu , V^ h ° 7& ) = det ( - RTUh ° 1U /2m 



l-exp(-i? T ^° 7£r /2i7r) 



be the Chern- Weil Todd form of TU hoi u . Then we have 
(2.3) Ind 7 (£>* ® W) = ~4wS I aF ' 



F£X"t 

Here on U hoi u , dp is the characteristic class 

Td(XT>^, V T ^° 7& )ch ho7 (H/ V w )/ det(l - (h o 7 ) ex P (^R N )). 

271 

If H = S 1 , on Uy as in (|1.15|) , we have the following decomposition of complex vector 
bundles, 



(2-4) mr ~, _ r _ r ~^ 



TU h = ®N 0J ®TUft. 
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Here Nx(h),j, Nqj extend to complex vector bundles on X s1 , and 7 = e 2mt G S 1 acts on 
them as multiplication by e 27riJ *. 
By Theorem |2J], we get, 



Theorem 2.2 Under the condition of Theorem for t G R \ A, 7 = e 2mt , we have 
(2.5) Ind 7 (^®H/)= [ 



OLp. 

'F 



Here on Uy, ap is the characteristic class 



Td(TU v , V tU ") Y e 2m ( x+t ^ch(W° ,, V w °)/U x ,det ( 1 - e 2 ^ x+t ^ exp(—R N ^ 

^— ' " ' V 27T 



Note that we can also get Theorems |1.2| and |2J3 from |25], Theorem 1]. 
3 Elliptic genus for almost complex orbifolds 

In this section, we define the elliptic genus for a general almost complex orbifold and 
prove its rigidity property. We are using the setting of Section 2. 
For r G H = {r G C; Imr > 0}, q = e 2niT , t G C, let 

(3.1) 9(t, r) = c(g)g 1/8 2 sin(7rt)n^ 1 (l - ^e^IT^l - q k e~ 2lTit ). 

be the classical Jacobi theta function 0, where c(q) = n^ =1 (l — q k ). Set 



(3.2) 9'(0,r) 



\t=0- 



dt 

Recall the following transformation formulas for the theta-functions 
6(t + 1, r) = -6{t, r), 9(t + r, r) = -q-^e^H^ r), 



For a complex or real vector bundle F on a manifold X, let 



Sym g (F) = 1 + qF + q 2 Sjm 2 F + ■ 
A q (F) = 1 + qF + q 2 A 2 F + ■■■ , 



(3-4) A ( TT\ — 1 , „v , .2A2 



be the symmetric and the exterior power operations F, respectively. 

Let X be an almost complex orbifold, and dime X = I. In this Section, all vector 
bundles are complex vector bundles. Let W be a proper orbifold complex vector bundle 
on X, and dime W = m. Then W° in (2.2) is W. Now for the vector bundle W, the 
fermionic shift F(Xi,W) = ^2 x \dimW\ is well define on each connected component 
XiC XU TJC. For x G X, y = e 2niz , we use the orbifold chart (G x , U x ). For h G G x , by 
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Q, we define on 

oo 

(3.5) Q z qMh) (TX) =0(0 (A-^-v-^w^) ® A^-aw JV A(h) ) 

" fc=i 

(Sym g fc-i+A(fc)iV^ h ) g) Sym (jfc -A(h)A^ A ( fe ) 



AeQn[o,i[ fc=i 



AeQn]o,i[ fc=1 

oo 

Sym gfc X * ® Sym ?fe AT 



k=l 



oo 

9^ iW (TX|^) =0(0 (a^i +w ^) ® A^-awWaw)) 



AeQn[o,i[ fc=i 



AeQn]o,i[ fc=i 



(Sym 3 fc-i + A(fc)A r A(/l) <g> Sym gfc -A(h)A^ A(fe ) 
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fe=l 



Sym fe iV * ® Sym-feiVo ) . 



It is easy to verify that each coefficient of q a (a e Q) in Q z qMh) (TX), ® z q>x>(h) (TX\W) 
defines an orbifold vector bundle onEX. We will denote it by G z qX .(TX), G z q}X ,(TX\W) 
on the connected component of X U EX. It is the usual Witten element on X (see 

g and |g), 



oo oo 

(3.6) 9*(TX) = (A_ 2/ - lgfe -iT*X ® A_ M *Tx) (Sym^T^X ® Sym^Tx). 



k=l k=l 



Definition 3.1 The orbifold elliptic genus of X is defined to be 

(3.7) F(y,g)=yi £ y-*<*»Ind(Z>* ® ©^(TX)). 

More generally, we define the orbifold elliptic genus associated to W as 

(3.8) F(y,q,W)=yf £ y-^'^Ind^ ® e^(TX|W/)). 

If X is a global quotient M/G where the action of finite group G on almost com- 
plex manifold M preserves its complex structure, the equation (|3.7|) coincides with [|, 
Definition 4.1]. 

We next prove that the orbifold elliptic genus is rigid for S 1 action on X. 
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Let S 1 act on X, preserving the complex structure on TX, and lifting on W. Natu- 
rally, we define the Lefschetz number for 7 G S 1 , 

(3.9) F 7 (y, q, W) = y* ^ y- F ^ w hnd y (D x * ® & 9iXt (TX\W)) 

Let P be a compact manifold acted infinitesimally freely by a compact Lie group G, 
and X = P/G the corresponding orbifold. We still denote W the corresponding vector 
bundle on P for W 7 . Then K x = det(T( 1,0 )X), K w = det W are naturally induced by 
complex line bundles on P, we still denote it by K x , K w . We may also consider K x , 
K\y as an orbifold line bundle on X. 

Recall that the equivariant cohomology group Hg X (P, Z) of P is defined by 

(3.10) H* S1 (P,Z) = H*(P x s i ES\Z). 

where ES 1 is the universal S^-principal bundle over the classifying space BS 1 of S 1 . So 
Hg 1 (P, Z) is a module over H*(BS 1 , Z) induced by the projection W : PxsiES 1 — > BS 1 . 
Let pi(W) s i,pi(TX) s i G Hgi(P, Z) be the equivariant first Pontrjagin classes of W and 
TX respectively. Also recall that 

(3.11) H*(BS\Z) = Z[[u}} 

with u a generator of degree 2. 

Recall from |T7|, Theorem B] that for smooth manifold X one needs the conditions 

(3.12) Pl (W-TX) s i = 0, Cl (W-TX) s i = 0. 

for the rigidity theorem. 

Note that if the connected component Xi of X U EX is defined by {U£, Zo x (h)), for 
<7 G Zc x {h), set f/y S = {6 G fT^/ifr = gb = b, Vx(b) = 0}. Then the connected component 
Xik of Xf 1 is defined by (Uy 9 , Z ZGx (h)(g))- We have the following decomposition of 
complex vector bundles on Uy 9 , 

(3-13) TU X = 2j Nx(h),X{g),v, 

A(/i),A(g)eQn[o,i[,«ez 

W = £ WA(fc),A0,),«. 

A(ft),A(ff)eQn[o,i[,«ez 

where g,h e G x (resp. 7 = e 27 ™* G S* 1 ) act on ^j^^^^uf,)^^^ as multiplication 
by e 2ni\(g)^ e 2ni\(h) ( regp e i™ty Let 2irix{, h)x{ , , 2mwL h) x{g) v be the formal Chern 
roots of Nx(h),x(g),vi W\(h),x(g),v respectively. To simplify the notation, we will omit the 
superscript j. 

Then Nuh),x(g),v, W\rh),\(g),v extend to orbifold vector bundles on Xik- Now the 
natural generalization of ( 3.12 ) for orbifold is the following: there exists n G N, such 

that on each connected component X^ of Xf , 
(3-14) £ [K w ,a (s) ,„ + A(<?) - r\(h) + 



Mft).A(ff),«j 



x 



j 

X(h),X(g), 



+ X(g) - r\(h) + vuY = nW*u 2 G H*(X ik , Q)[r, t] 
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(3-15) Kfc),A Wl t, + X (9) - rX{h) + vu) 

X(h),\(g),v,j 

E (4 w> a(p),. + A (^) - r A W + w) = o g ir pr ttl Q) [r, t] . 



Hh),\(g),v,j 



Theorem 3.1 Assume that S 1 acts on P which induces the S 1 -action on X , and lifts 
to W , and c\{W) = mod iV in H*(P, Z) for some 1 < N G N. Also assume that there 
exists n G N such that equations ( 3.14) and ({3. 15 ) hold. Then for any N-th root of unity 



y = e 2mz we have 

i) If n = 0, then F 7 (y, q, W) is constant on 7 G S 1 . 

ii) lfn<0, then F 7 (y,q,W) = 0. 



Note that, in case W = TX, the condition (|3.14j) , (|3.15|) are automatic, and as a 



consequence we get the rigidity and vanishing theorems for the usual orbifold elliptic 
genus F(y, q). In particular we know that for a Calabi-Yau almost complex manifold X, 
F(y,q) is rigid for any y. 



Proof: Using Theorem |2]^, for 7 = e 2mt , t G R \ A, y = e 2mz , q = e 2mT , we get 
(3.16) F 7 (»,,,H0= w * £ ^Jof. 



XiCXUZX FcX 



Recall that Vx is the smooth vector field generated by S 1 -action on X. For x G X, 
take the orbifold chart (G X ,U X ). If Xi C X U SX is represented by U^/Zc x (h) on U x 
as in ( |1.3| ), the normal bundle Nx hg ,v — ^u h /u h,a of Uy 9 in extends to an orbifold 

vector bundle on Xf . By Theorem [2.2| , the contribution of the chart (G X ,U X ) for 
Ind 7 (.D Xi <g> 9^ Xi (TX|iy)) is 



Td(TU^)ch go ,(Q^ {h) (TX\W)) 



{ ' U ' ' lZ oM\ 9h =t g eaM 3 det(l - foo 7 ) e -&*^'' v 



Let 



(3-18) N v = N KhU(g),v, 

A(ft),A(<?)eQn[o,i[ 

= E W A(h),AG,) ) «. 
A(/i),A( ff )eQn[o,i[ 

As the vector field Vx commutes with the action of G x , N v and W v extend to vector 
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bundles on Xf . So the contribution of the chart (G x , U x ) for F 1 (y, q, W) is 
(3.19) 

- F{Xi ,w) f Td(T^)ch go7 e^ i(fe) (TX|^) 



^^ieo/ 8 ^ 9 det(l - (<? o 7 ) e -^^-) 

' ^ ' gh=hg;g,h£G x JjJ V 9 

H-\(g),v - _ e 2^(^0( h ),A( 9 ), t ,+A(«?)+to) n A(ft)>0,A( 9 ),^ 

H _ y-lgfe-l+A(fe)g27ri(— l0 X (h),A(9),«-^(ff)-*«)Vl _ ygfc-A(ft.)g27ri(«) A(h)iA(s)it ,+A(g)+to)^ 
"^ fc=1 M _ gfe-l+A(/i) e 27ri(-a; A(h) ^ (9)i „-A(g)-to)^^ _ ^fc-A(/i) e 27ri(x A(h)iA(9)i „+A(g)+to) \ 



(1 _ gfc e 2wi (- a; 0(h),AO),i.-^(ff)-*«)VX _ gfc e 27ri(x 0(h)iA(3)i „+A(9)+to)^ 

= (r l C ( ff )g 1 / 8 ) , - TO li i T £ / (2mx 0{h)fi{g)fi ) 

1 X| gh=hg;g,h£G x J U v 

n AW , A ( g) ^(g(K w ,A( g ),, + %) - + l + fa, r)e-^W) 

To get the last equality of (|3.19|) , we use (|3.1|) , (|3.15|) . 

We will consider F 1 (y, q, W) as a function of (t, z, r), we can extend it to a meromor- 

phic function on C x H x C. From now on, we denote (i~ 1 c(q)q 1 ^ 8 ) m ~ l ^jp^F 1 (y, q, W) 
by F(t, t, z). We also denote by F 7 (t, r, W)p x the function defined by ( |3.19| ). We set 



(3.20) F(t,r,z) lDx = (r'^T-'^^m^W)^ 



Now, the equation (|3.14|) implies the equalities 

(3.21) W l(h),X(g),v ~ E X l(h),X(g),v = 0> E U W A(fc),A( 9 )^ ~ ^ U "^A(fc),A(g),« = 0, 

A(/i)A(^)(dimWA(A),A( fl ) - dim N X (h),x( g )) = 0, 

A(ft),A( ff ) 

^ A(#)v (dimWA(fc),A( ff ),« - dim Nx( h ),x( g ),v) = 0, 

A(fe),A( S ),« 

J] A(#) 2 (dim^ A(9) - dimiV A{9) ) = 0, £V(dimW„ - dim #„) = n. 
By Q, for a,b E 2Z, G N, 

(3.22) 0(z + fe(t + ar + 6), r) = e — (2fc^+2fc 2 at+fc 2 aV)^^ + ^ r ^ 

As ci(Kx) = modiV in H*(P, Z), by the same argument as [ 10|, §8] or [21 , Lemma 
2.1, Remark 2.6], ^2 u v dimN v modiV is constant on each connected component of X. 
By (ETH)D , (|33T| ), (]3~2l ), we know for a, 6 G 2Z, 

(3.23) F(t + ar + b, r, z) = e - 27riza ^ vd[mNv F{t,r, z). 
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For A = ( a c ^ G SL 2 (Z), we define its modular transformation on C x H by 
(3.24) A(t,r)-- 



t ar + b 



ct + d cr + d 



By ( |3.19D , under the action A = ( ° ^ ^ G SX 2 (Z), we have 

(o 9 z\ e(A(t U T)) _ ^ c ( t 2_ f 2 Vcr+d g(ti,r) 

( j ^(i 2) r))" C " *(f 2 ,r)' 

6'(0,t) 



(ct + d)e 



0(A(t,r)) v ' 6(t,r)- 

For g,h E G x , by looking at the degree 2 dime t/^ 9 part, that is the dime t/^ 9 -th 
homogeneous terms of the polynomials in x, ty's, on both sides of the following equation, 
we get 



h.g 



(xo( ft ),o( 9 ),o)n A{/l ), A(9 ),,e 2 ™M,),M 9 ),.(^) 



Q(w\(h),\(g)A CT + d) + A(g)(cr + d) - (ar + b)X(h) + z(cr + d) + to, r) 

( 3 2 g) . 0(^A(fe),A(g), l ;(cT + d) + (cT + d)A(5')-(aT + 6)A(/i)+to,T) 



'i-9 



(Xo( ft ),o( 9 ),o)nA(^),A( 5 ),,e 2 ™M.).M S )., 



6(w\(h),A( g ),v + A(p)(cr + d) - (ar + o)A(a) + z(cr + d) + to, r) 
6(x\(h),\( g ),v + (cr + d)A(#) - (ar + o)A(a) + to, r) 

By (p|), (|372T1) , (ggg) and ( ggD , we easily derive the following identity: 



1 , j\l„iricnt 2 /(cT+d) ^'(0) r ) 



(3.27) F(A(t,r),^),^ = --(cr + d)'e— 

1 * 6»(^(cr + d),r) r 

/ (27rzx OWj o( s ),o) 



gh=hg;g,h£G x JU V 



X 



x | n A(/ l ) A( 9 ) ^(e 2 ^ cz(wA(h) ' A(s) '" +(A(9) "^ A(/l))(cT+d)+to) e" 27rizA( ' l) ) 
nA(fe),A(g), t ,6 l (wA(fe),A(g),^ + A(ff)(cT + d) - (ar + o)A(a) + z(cr + d) + to, r) 
R\(h)Mg),vQ{x\(h)Xg),v + ( cr + ^)A(fi') - (ar + 6)A(a) + to, r) 
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By O, (£TJ, O, O, O, we have 
(3.28) 



£ / , ( 27rix ow,o( 9 ),o) 

C| gh=hg;g,h&G x JU v 

2-nicz { dX(g)-bX(h)+r(cX(g)-aX(h)) ) 2nicz(w i 

V / E Mh),} 



X(h),X(g),v,j^ e V 7 e 



X 



x e -27riz(cA(g)-aA(/i)+A(g- c /i a ))(cr+d) e -27ri2A(/i)^ 
nA(/Q,A( g ),ufl(WA(Ji),A(g),« + A(^/l~ b ) - rA(g~ c /l a ) + ;z(cT + rf) + fa, r) 

nA(/i),A( 9 ),^(xA(/ l ),A( 9 ), ) , + \{g d h- b ) - T\(g- C h a ) + fa, t) 



|Gx. 



/rr" 

gh=hg;g,h£G x u v 



^x(h),x(g),vO(wx(h),x(g),v + X(g d h b ) - r\(g c h a ) + z(ct + d) + fa, r) 

nA(fc),A(g),,;6 l (xA(h),A( 9 )^ + A^/l" 6 ) - T\(g- C h a ) + fa, t) 

Recall that ci(.RV) = modiV where .KV = det W 7 , this implies that the line bundle 
Kyy is well defined on P, also as an orbifold vector bundle on X. Let 



(3.29) F A (t,r,^) = (r 1 c(g)^) 



6>(z(cr + d),r) m 
^ y f -^(^^)lnd 7 (D ®K%® Q { ^ d)z (TX\W)). 



XiCXUX 



Now, observe that as A = I , I 6 SX 2 (Z), when g,h run through all pair of 



c d 

E fl j g / tg , g ,h6G,» then 9~ c h a ,g d h- b run through all pair of E gh =h g , g ,heG* Then b ^ Q)' 
& } 

(3.30) F(A(t, r) , z) = (cr + d)'e™ cn * 2/(cr+d) F A (t, r, 2) . 

The following lemma implies that the index theory comes in to cancel part of the 
poles of the functions F. 

Lemma 3.1 The function F A (t, r, z) is holomorphic in (t, r) for (£, r) G R x H. 

The proof of the above Lemma is the same as the proof of |17], Lemma 1.3] or [|19| , 
Lemma 2.3]. 

Now, we return to the proof of Theorem |3.1|. Note that the possible polar divisors of 



F in C x H are of the form t = j(ct + d) with k, c, d,j integers and (c, d) = 1 or c = 1 
and d = 0. 
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We can always find integers a, b such that ad — be = 1, and consider the matrix 

A=(ic \ b ) * sz»m. 

(3.31) F A {t,r,z) = {-ct + a)- l e 7vicnt2/{ - CT+a) F^A{t,r), 

Now, if t = j(cr+c?) is a polar divisor of F(t, r, z), then one polar divisor of F A (t, r, z) 
is given by 

i k ( dr — b 
3.32 = - c + d 

— cr + a j V — cr + a 



which exactly gives t = k/j. This contradicts Lemma |3.1| , and completes the proof of 
Theorem 13. II. ■ 



4 Elliptic genus for spin orbifolds 

We are following the setting of Section 1. 

For r G H = {r G C; Imr > 0}, q = e 2 ™ T , let 

(4.1) 9 3 (v, t) = c(q)Uf =1 (l + q k -V 2 e 2niv )H™ =1 (l + q k-^ e -^y 

be the other three classical Jacobi theta-functions ||, where c(q) = Il^ =1 (l — q ). 

Let X be a compact orbifold, dim^X = 2n. We assume that X and EX are spin in 



the sense of Definition YA . For x G X, taking the orbifold chart (G x , U x ). By (O), for 
h G G x , we define on U^t 



®'q,x,(h)( TX ) = ®AeQn]o,i[(^®fcli ^-i+A W iV A * (ft) ® A gfc -A( h) X A(/i) ^ 
(4.2) ®^ (Sy m(?fc - 1+Mh) X A * w ® Synv-AwiVA^))) 

(A fe _aXf w ® Syru^iX*^) ® ®^(V(TC^) ® Sym^TE^)). 



. DC' 

3 fc=l! 



It is easy to verify that each coefficient of q a (a G Q) in 0^ x , h JTX) defines an orbifold 
vector bundle on X U EX. We denote as Q' q Xi (TX) on the connected component Xj of 
X U EX. Especially, 0' X (TX) is the usual Witten elements on X 

(4.3) & q (TX) = <S>T=i (V( TX ) ® Sym^TX)). 

We propose the following definition for the elliptic genus on spin orbifold: 
Definition 4.1 The orbifold elliptic genus of X is 

(4.4) F(q) = In d(V l ® (^ + (TX) © ^(TX,)) ® ©U(TX)). 

JC.CXUSX 



15 



Let S 1 act on X and preserve the spin structure of X U EX. Naturally, we define the 
Lefschetz number for 7 G S 1 

(4.5) F dsn (q) = Ind 7^ Xl ® (S+(TX,) © S~(TXi)) © e, Xl (Tl)) 

On local chart (G^, £/ x ), for h,g £ G x , gh = hg, then as in ( J1.5[ ), on we have 

(4.6) Tf/ X = iV © AWe]0i i[ iV A(/l) © jV^. 

here /i acts on the real vector bundles Nq = TU X , N^ f . as multiplication by 1, e 7 ™. /i 

acts on complex vector bundles NufA as multiplication by e 2mX i h ) , Now on U x ' 9 , the 
fixed point set of g on [7^, we have the following decomposition 

N\( h ) = ®\(g)e[ai]N\(h),\(g) © A (s)e]o,|[ for < A W < h 

(4.7) iV = © A{9)e[0 ,i]iVo,A( 9 ), 
N f (h) = ®x(g)e[o±] N ±(h),x( g y 



Here N\^),x(g) (X(h),X(g) G {0, |}) are real vector bundles on L 7 ^' 9 . And Nuh),X(g) 
(X(h) or A(g) not in {0, |}) are complex vector bundles on U x ' 9 . h,g act on Nuh),X(g) 
as multiplication by e 2mX ( h ) ^ e 2mX (g) respectively. Again N\(h),x( g ) extends to a vector 
bundle on Xf . 

For f(x) a holomorphic function, we denote by f{x X (h),x(g)){Nx(h),x(g)) = Rjf(xx(h),x(g),j)' 
the symmetric polynomial which gives characteristic class of N\(h),x(g)- we get that the 
contribution of the chart (G x , U x ) for F ds ^(q) is 

T-i /. s *~" f fo ■ ^l(^0(ft),0( ff ),T)\ 

FdJt ' T) ^ = ^ JbL v ( 2 ^'''>-^^) ) (iV ' 

n ^i(^A(fe),A(g) + X(g) ~ rX(h),r) 

(4.8) (A(fc),A(i))^(o,o) d \ x Kh),\{a) + A (#) " rA r ) 

T-rr ^l(^A(fc),A(g) + A(g) - T\(h),T) 

e( Xm ^ ) + X( 9 )-rX(h),r) 

„ ^l(xA(fe),l-A( 9 ) - A(^) - T\(h),T) 

U 0<A( ff )<i-Z7I rYTM ~\ U V A(h),l-A(g) 

2 # (XA(h),l-A( 9 ) - X{g) - T\{h) , T) 

We plan to return to the study of their rigidity and vanishing properties on a later 
occasion. 



no<A(h)<! 



0(h), 0(g), 
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